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Abstract 

Despite the fact that the integral form of the equations of classical electrody- 
namics is well known, the same is not true for non-abelian gauge theories. The 
aim of the present paper is threefold. First, we present the integral form of the 
classical Yang- Mills equations in the presence of sources, and then use it to solve 
the long standing problem of constructing conserved charges, for any field configu- 
ration, which are invariant under general gauge transformations and not only under 
transformations that go to a constant at spatial infinity. The construction is based 
on concepts in loop spaces and on a generalization of the non-abelian Stokes theo- 
rem for two-form connections. The third goal of the paper is to present the integral 
form of the self dual Yangs-Mills equations, and calculate the conserved charges 
associated to them. The charges are explicitly evaluated for the cases of monopoles, 
dyons, instantons and merons, and we show that in many cases those charges must 
be quantized. Our results are important in the understanding of global properties 
of non-abelian gauge theories. 
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1 Introduction 



The integral form of the equations of classical electrodynamics precedes Maxwell equations 
and play a crucial role in the understanding of electromagnetic phenomena. The non- 
abelian gauge theories have been originally formulated in a differential form through the 
Yang-Mills equations, and its integral formulation has not been constructed. The aim 
of the present paper is threefold. First we present the integral form of the classical 
equations of motion of non-abelian gauge theories, which allows us to present the Yang- 
Mills equations as the equality of an ordered volume integral to an ordered surface integral 
on its border. Our construction was made possible by the use of a generalization of the 
non-abelian Stokes theorem for two-form connections proposed some years ago in the 
context of integrable field theories in dimensions higher than two [1, 2]. The volume 
ordered integral present some highly non-trivial and non-linear terms, involving the field 
tensor and its Hodge dual, which certainly will play an important role in the global aspects 
of the Yang-Mills theory. The differential Yang-Mills equations are recovered in the limit 
when the volume is taken to be infinitesimal. The second goal of the paper is to solve the 
long standing problem of the construction of conserved charges that are invariant under 
general gauge transformations. As it is well known, the conserved charges presented in 
the Yang and Mills original paper [3] , as well as in modern textbooks, are invariant under 
gauge transformations where the group element, performing the transformation, goes to 
a constant at spatial infinity. In the last decades several attempts were made to find 
truly gauge invariant conserved charges using several techniques [4]. We show that our 
integral form of Yang-Mills equations becomes a conservation law when the volume where 
it is considered is a closed volume, i.e. a three dimensional sub-manifold of the four 
dimensional space-time which has no border. Using appropriate boundary conditions we 
obtain a closed expression for the conserved charges as the eigenvalues of an operator 
obtained by a volume ordered integral, over the entire spatial sub-manifold (fixed time). 
As a consequence of our integral Yang-Mills equations that operator can also be written 
as an ordered surface integral on the border of the spatial sub-manifold. That fact makes 
the evaluation of the charges much simpler. We then show that such charges are invariant 
under general gauge transformation, independent of the parameterization of the volume, 
and on the reference point used on that parameterization. The expression is valid for any 
field configuration, and we evaluate it for well known solutions like monopoles, dyons, 
instantons and merons. 

The third goal of the paper is to construct the integral form of the self dual Yang- 
Mills equations. That is obtained in a similar manner as that of the integral form of the 
full Yang-Mills equations, but using instead the usual non-abelian Stokes for one-form 
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connections. We show that such integral formulation leads to gauge invariant conserved 
quantities, which are invariant under reparameterization of surfaces and independent of 
the reference point used in such parameterization. The novelty is that the charges are 
given by the eigenvalues of surface ordered integrals of the field tensor and its Hodge dual, 
and they are shown to be constant on the other two coordinates perpendicular to that 
surface. 

The examples of monopoles, dyons, instantons and merons discussed in the paper are 
very important to shed light on the physical properties of the conserved charges. The first 
point is that for those well known solutions the surface ordering becomes irrelevant in the 
evaluation of the operators leading to the charges. In fact, those operators tend to lie in 
the center of the gauge group, and the physical charges are identified with the eigenvalues 
of the Lie algebra elements which lead to those group elements under the exponential 
map. That relation between charges and elements in the center of the group leads, in 
many cases, to the quantization of the physical charges. Another point is that the charges 
are associated to the abelian subgroup of the gauge group. In the examples we have 
worked out there are no gauge invariant conserved charges associated to the generators 
lying outside the abelian subalgebra. A further point is that the charges associated to the 
Wu-Yang monopole and the 't Hooft-Polyakov monopole are identical. In addition, they 
are shown to be conserved due to the equations of motion and no topological arguments 
are used. The evaluation of the charges do not involve the Higgs field and seems not 
to pay attention to the symmetry breaking pattern. The construction of the magnetic 
charges in our paper differs from the usual techniques used in the literature involving 
homotopy invariant quantities, even though it leads to the same results. But our methods 
allow to evaluate charges for cases that were not really known in the literature. We show 
that the merons carry a charge, conserved in the euclidean time, which is identical to the 
magnetic charge of the Wu-Yang and 't Hooft-Polyakov monopoles. 

Our construction explores loop space techniques used in the study of integrable theo- 
ries in any dimension [1, 2], and may be important in the understanding of the integrability 
properties of Yang-Mills theory as well as of its self-dual sector. In fact, the most ap- 
propriate mathematical language to phrase our results is that of generalized loop spaces. 
There is a quite vast literature on integral and loop space formulations of gauge theories 
[5]. Our approach differs in many aspects of those formulations even though it shares 
some of the ideas and insights permeating them. We stress however that the relevant loop 
space in our formulation is that of the maps from the two-sphere S 2 (and not from the 
circle S 1 ) onto the space-time, in the case of the full Yang-Mills equations. For the self 
dual sector however, the relevant loop space is that of the maps from the circle S 1 onto 
the space-time. 
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The connection between integrable field theories in any dimension and loop space 
techniques by exploring the integral form of the equations of motion has been studied in 
[6]. It was shown there that integrable field theories in 1 + 1 dimensions, Chern-Simons 
theory in 2 + 1 dimensions, and Yang-Mills theory in 2 + 1 and 3 + 1 dimensions, all admit 
a uniform formulation in terms of integral equations on loop spaces, leading to a general 
and unique method for constructing conserved charges. The integral form of the Yang- 
Mills equations in 3 + 1, discussed in this paper, already appears in [6]. In the present 
paper we discuss further the physical consequences for non-abelian gauge theories of the 
existence of such integral equation. In addition, we show that the self-dual sector of Yang- 
Mills also admit an integral equation, and that it leads in a similar way to new conserved 
quantities. The second part of the present paper is dedicated to the application of our 
ideas to well known solutions of Yang-Mills theory, like Wu-Yang and 'tHooft-Polyakov 
monopoles and dyons, as well as Euclidean solutions like instantons and merons. That 
is a very important contribution of the paper since the conserved charges evaluated for 
those solutions are new and were not explored in the literature before. We believe that 
most of the physical consequences of those charges are still to be explored and perhaps 
we have to consider the quantum theory to fully understand them. 

The paper is organized as follows: in section 2 we present the main results of the 
paper in the form of very precise statements. It is stated the integral equations for the 
full Yang-Mills theory as well as for its self-dual sector. In this section we also present the 
closed expressions for the conserved charges. In section 3 we give the proof for the integral 
equation for the self-dual sector of the Yang-Mills theory using the ordinary non-abelian 
Stokes theorem. In section 4 we give the proof for the generalized non-abelian Stokes 
theorem for a two-form connection based on the results of [1, 2]. Then in section 5 we use 
that theorem to prove the integral equations for the full Yang-Mills theory. In section 6 
we discuss some consequences of our integral equations and give the detailed construction 
of the conserved charges for the full Yang-Mills equations as well as for its self-dual sector. 
In section 7 we discuss the examples of monopoles, dyons, instantons and merons, and 
explicitly evaluated the conserved charges for all those solutions. Finally in appendix A 
we show how to (classically) regularize the Wilson line operator in order to evaluate the 
charges of the Wu-Yang monopole and dyon solutions. 

2 The main statements 

The integral Yang-Mills equation and its charges. Consider a Yang-Mills theory 
for a gauge group G, with gauge field A^, in the presence of matter currents J M , on a four 
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dimensional space-time M. Let Q be any tridimensional (topologically trivial) volume on 
M, and dfl be its border. We choose a reference point xr on dVt and scan Q with closed 
surfaces, based on xr, labelled by (, and we scan the closed surfaces with closed loops 
based on xr, labelled by r, and parametrized by a, as we describe below. The classical 
dynamics of the gauge fields is governed by the following integral equations, on any such 
volume Q, 

P 2 e ie Ian *rd»[<*F$+PFZ] & = p^L dCdrVJV^ ^ 



where P 2 and P 3 means surface and volume ordered integration respectively, is the 
Hodge dual of the field tensor, i.e. 



dfj,A v d v A p + i e [ A p , A v 



1 



in/ 



(2.2) 



where e is the gauge coupling constant, a and ft are free parameters, and where we have 
used the notation X w = W' 1 X W, with W being the Wilson line defined on a curve I\ 
parameterized by a, through the equation 



dW . . dx p TJ7 n 
— + ieA ll — W = 
da da 



(2.3) 



where x p (/x = 0, 1, 2, 3) are the coordinates on the four dimensional space-time M. The 
quantity V is defined on a surface S through the equation 



dV 



with 



and where 
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T(A,t) = ie 
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dr 



(2.6) 



where J^ v \ is the Hodge dual of the current, i.e. J p = ^e pupx J vp \. The Yang-Mills 
equations are recovered from (2.1) in the case where Q is taken to be an infinitesimal 
volume. Under appropriate boundary conditions the conserved charges are the eigenvalues 
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of the operator 



where S is the 3-dimensional spatial sub-manifold of M. Equivalently the charges are 
TrQl 

The integral self-dual Yang-Mills equation and its charges. Consider the 
self-dual sector of the Yang-Mills theory defined by the first order differential equations 

F i1v = kF iu , (2.8) 

where k are the eigenvalues of the Hodge dual operation. We shall be interested here in 
the case of an Euclidean space-time where k = ±1. We propose that the integral equation 
for the self-dual sector of the Yang-Mills theory is given by 

P ie - ie ^ d<lA ^ = p 2 e ie k dadrW ~ 1 [ aF ^ + ^ l " a ^A wd -^ d -^ (2.9) 

where £ is any two-dimensional surface in the space-time M, <9£ is its border, and a 
is a free parameter. The symbols Pi and P2 mean path and surface ordered integration 
respectively, and those are performed as follows. We choose a reference point xr on the 
border of S, and scan E with closed loops, labelled by r, starting and ending at xr, such 
that r = corresponds to the infinitesimal loop around Xr, and r = 2n corresponds to 
the border <9£. Each loop is parameterize by a, such that o = and a = 2ir correspond 
to xr. The quantity W appearing on the r.h.s. of (2.9) is obtained by integrating (2.3) 
on each loop from a = (i.e. xr) up to the point of the loop corresponding to a where 
the integrand aF^ + K (1 — a) F^ u is evaluated. The l.h.s. of (2.9) is obtained by 
integrating (2.3) along the border of S. On the other hand the r.h.s. of (2.9) comes from 
the integration of (2.4) with the same T(A,t) given in (2.5), but with (3 replaced by 
k (1 — a). 

The self-dual equations (2.8) are recovered from (2.9) in the limit where the surface 
£ is taken to be infinitesimal. The conserved charges associated to (2.9) are constructed 
as follows: consider any two-dimensional plane in the space-time M, and let be 
its border, i.e. a circle of infinite radius on that plane. Under appropriate boundary 
conditions, the eigenvalues of the operator 

are constants, i.e. independent of the two coordinates associated to the two axis perpen- 
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dicular to in M. 

On the nature of the eigenvalues. All the quantities appearing in the formulas 
above are either elements of the gauge Lie algebra (like and F^ u ) or of the gauge Lie 
group (like W and V). In order to perform the calculations however we need to choose a 
matrix representation of the Lie group (or equivalently of the Lie algebra) because equa- 
tions like (2.3) and (2.4) involve the product of Lie algebra and Lie group quantities and 
so a definite representation has to be used. However, the choice of that representation 
is quite arbitrary. Note that not even the representation under which the matter fields 
transform under gauge transformations is relevant. Indeed, in the case of fermions for in- 
stance the current has the form J M ~ rf h ipi 7^ (T a ) ipj T b , where T a , a = 1, 2, . . . dimG, 
are the generators of the gauge group G, r] ab is the inverse of the Killing form of G, and Rij 
is the matrix representation under which the spinors if>i transform, i,j = 1, 2, . . . dimR. 
Therefore, = J b T b is an element of the Lie algebra for any choice of R, and in order 
to perform our calculations J M can be taken in any matrix representation irrespective of 
R. Consequently, the conserved charges which are the eigenvalues of the operators (2.7) 
and (2.10), which are in fact Lie group elements, correspond to the eigenvalues of those 
operators in the chosen representation of G. That choice of representation however is 
arbitrary. We face then two possibilities. The eigenvalues can be different in different 
representations and then one finds an infinite spectrum of conserved charges, or then 
there is only a finite number of charges and the eigenvalues of the operators (2.7) and 
(2.10) are the same in large (infinite) classes of representations. As we will show in the 
examples of monopoles, dyons, instantons and merons, the second possibility happens, 
i.e. we find a finite number of charges, and the operators (2.7) and (2.10) evaluated on 
those solutions tend to lie in the center of the gauge group. In fact, we show that the path 
and surface orderings become irrelevant for those solutions and the operators (2.7) and 
(2.10) are expressed as (products of) ordinary exponentials of Lie algebra elements. The 
physical interpretation of the charges turn out to be associated to the eigenvalues of those 
Lie algebra elements and not really to the eigenvalues of the group elements (2.7) and 
(2.10). The connection between the eigenvalues of the Lie group and Lie algebra element 
leads, in many cases, to the quantization of the physical charges. 



3 The construction of the integral equation for the 
self-dual sector 

In order to prove that (2.9) does correspond to the integral form of the self dual equations 
(2.8) we use the ordinary non-abelian Stokes theorem for a one-form connection C M given 



6 



by [7, 1, 2] 

Pl e-h^°^ W R = W R P 2 e^ dTW ~ lH ^ w ^ (3.1) 

with H^ u = d^Cy — d u C^ + [C M , C u ], being the curvature of the connection C^, and 
where Wr is an integration constant, the value of W at Xr. The meanings of the path 
and surface ordered integrations are the same as that in (2.9). For a simple and concise 
proof of the theorem (3.1) see section 2 of [1]. The proof of the non-abelian Stokes theorem 
(3.1) does not rely on the use of a metric tensor, and so it is valid on any space-time (fiat 
or curved) of any dimension with any metric. The only requirements are that the surfaces 
S are topologically trivial (no holes or handles) and that the connection is a regular 
function of the space-time coordinates. Note that one can obtain (2.9) from (3.1) by the 
identifications 



C 'n = ie 5 = ie 



aF^ + n (1 - a) F M „ 



W R eZ (G) (3.2) 



where Z (G) is the centre of the gauge group G. However, the first equation above implies 
that 

E ilv = ieF iiV (3.3) 

The compatibility between (3.2) and (3.3) is provided by (2.8). Note that the case a = 1 
is trivial since it leads to an identity. Therefore, (2.9) is a direct consequence of the non- 
abelian Stokes theorem (3.1) and the self dual Yang-Mills equations (2.8). The condition 
that the integration constant Wr has to belong to Z (G) comes from the requirement 
that (2.9) has to transform covariantly under gauge transformations. The argument for 
that is similar to the one used in the paragraph below (5.2), in the context of the integral 
equation for the full Yang-Mills equations. 

On the other hand the integral equations (2.9) imply the differential equations (2.8) 
in the limit where the surface £ is infinitesimal. Indeed, take S to be of rectangular 
shape on the plane x fl x u , with infinitesimal sides Sx^ and 5x u (fi and v fixed). We then 
evaluate both sides of (2.9) by Taylor expanding the integrands around one given corner 
of the rectangle and keeping things up to first non-trivial order. One can check that the 
l.h.s. of (2.9) gives [t + ie F^ 5x^ 5x u ], with no sum in fi and v. In addition, the r.h.s. of 
(2.9) gives, up to first non-trivial order, t + ie (a F^ u + k (1 — a) F^ dx 1 * 1 bx v (again 
no sum in /i and v). By equating those two quantities one obtains (2.8) for any value of 
a, except a = 1, which should be excluded. 
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4 The generalized non-abelian Stokes theorem 



In order to prove that (2.1) does correspond to an integral formulation of the classical 
Yang-Mills dynamics, we shall start by describing the generalization of the non-abelian 
Stokes theorem as formulated in [1, 2]. Consider a surface E scanned by a set of closed 
loops with common base point xr on the border <9E. The points on the loops are pa- 
rameterized by cr G [0,27r] and each loop is labeled by a parameter r such that r = 
corresponds to the infinitesimal loop around xr, and r = 2n to the border <9E. We then 
introduce, on each point of M, a rank two antisymmetric tensor B^ v taking values on the 
Lie algebra Q of G, and construct a quantity V on the surface E through 



dV r 2 ^ d r p d r v 

-- -VT(B,A,t) = with T{B,A,t)= daW- 1 B, v W^-^- (4.1) 

dr Jo da dr 



where the a-integration is along the loop T labeled by r, and W is obtained from (2.3), 
by integrating it along V from the reference point xr to the point labeled by a, where B^ u 
is evaluated. By integrating (2.4), from the infinitesimal loop around xr to the border of 
E, we obtain 

v = v R pjr^sr^w-^w^ (42) 

where P2 means surface ordering according to the parameterization of E as described 
above, and Vr is an integration constant corresponding to the value of V on an infinites- 
imal surface around xr. If one changes E, keeping its border fixed, by making variations 
5x p perpendicular to E then V varies according to 

SV V" 1 = r dr r daV{r) {W' 1 [D X B^ + D^B vX + D V B X ^} W^-^f- 5x x 
Jo Jo { da dr 



do' B% (a') - ieFZ W) , B% (a) 



dx K dx^ 
da' da 



( dx p (a 1 ) . , . . . . . . ,. d x u (a) \ 1 . , . . 

x -^5x u {a) - 5x p (a) — \ V' 1 (r) (4.3) 

V dr dr ) 

where D^* = d^*+ie [A^, *}. For a detailed account on how to obtain (4.3) see sec. 5.3 
of [1], or sec. 2.3 of [2], or then the appendix of [6]. The quantity V (r) appearing on the 
r.h.s. of (4.3) is obtained by integrating (4.1) from the infinitesimal loop around xr to the 
loop labelled by r on the scanning of E described above. Note that the two a-integrations 
on the second term on the r.h.s. of (4.3) are performed on the same loop labelled by r. 
Consider now the case where the surface E is closed, and the border of E is contracted 
to xr. The expression (4.3) gives then the variation of V when we vary E keeping xr 
fixed. Therefore, if one starts with an infinitesimal closed surface E# around xr one can 
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blows it up until it becomes E. One can label all those closed surfaces using a parameter 
C G [0,27r], such that £ = corresponds to E/j and £ = 2tt to S. The expression (4.3) 
can be seen as a differential equation on ( defining V on the surface S, i.e. 

dV 

-- K ^ = (4.4) 
where K, corresponds to the r.h.s. of (4.3) with 5x^ replaced by ^ff, i.e. 



K = dr fj daV (r) j W' 1 [D X B^ + D„B vX + D U B^} W 

- I da' [BZ (a') - ieFZ (a') , (a 1 
(dxP(a')d x v (a) d x p (a') d x v (a) 



dx p dx v 



do dr 



5x 



A 



dr dC, dC, dr 




(4.5) 



By integrating (4.4) from E# to S, one obtains V evaluated on E, which is now an 
ordered volume integral, over the volume Q inside E, and the ordering is determined by 
the scanning of Q by closed surfaces as described above. But this result has of course 
to be the same as that obtained in (4.2), i.e. by integrating (4.1) when the surface is 
closed, namely dQ. Therefore, we obtain the generalized non-abelian Stokes theorem for 
a two-form connection B^, parallel transported by a one- form connection 

V R P 2 Jen M*W-*Br,W*£ ^ = p 3 e f n <KK y R (46) 

where P3 means volume ordering according to the scanning described above, and Vr is 
the integration constant obtained when integrating (4.1) and (4.4). It corresponds in fact 
to the value of V at the reference point xr. Note that such theorem holds true on a 
space-time of any dimension, and since the calculations leading to it make no mention to 
a metric tensor, it is valid on flat or curved space-time. The only restrictions appear when 
the topology of the space-time is non-trivial (existence of handles or holes for instance). 
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5 The construction of the integral equation for the 
full Yang-Mills theory 



One notes that (2.1) can be obtained from (4.6) by replacing B^ v by ie a F^ u + (3 F^ 
and using the Yang-Mills equations 

D V F V » = D u F Ufi = (5.1) 

to replace (DxB^ + D^B U \ + D u B\ fl ) in (4.5) by {—iePJ^x), and so /C introduced in 
(4.5) is now given by /C = J 2,r dr V J V^ 1 , with J given in (2.6). Therefore, (2.1) is a 
direct consequence of the Yang-Mills equations (5.1) and the Stokes theorem (4.6). Note 
that Vr introduced in (4.6), does not appear in (2.1) because it has to lie in the centre 
Z (G) of G to keep the gauge covariance of (2.1). Indeed, consider a gauge transformation 

A^^ gA^g- 1 + -d^gg- 1 ; F^^gF^g' 1 - J^^g-h^ 1 (5-2) 

From (2.3), W — > gfWg' 1 , with gi and gf being the values of g at the initial and 
final points respectively of the path determining W. Consequently, J defined in (2.6) 
transforms as J — >■ g^J g^, with gn being the value of g at xr. One also has T (A, r) — >■ 
gnT(A,r) g^ 1 , and so from (2.4) V — > gnV g^ . Similarly, one sees that /C — > g^lCg^ 1 , 
and so (4.4) also implies that V transforms as V — > gnV g^ 1 . Note however that if V\ is 
a solution of (2.4) so is = k V with k being a constant element of G. Similarly, if V3 
satisfies (4.4) so does = V h, with h e G being constant. Under a gauge transformation 
Vi giiVigR 1 , an d Vi — > fi'ijV^^ 1 = gnkVi g^ . But k is any chosen constant group 
element and it should not depend upon the gauge field, and so it should not change 
under gauge transformations. In fact, the arbitrariness associated to k corresponds to the 
choice of integration constants in (2.4) and (4.4). From this point of view we should have 
Vi — > k gn V\ g^ 1 . The only way to establish the compatibility is to have k gn = gn k, i.e. 
k should be an element of the centre Z (G) of G. A similar analysis applies to V3 and V4. 
Therefore, the transformation law V —> g^V g^ , and so the gauge covariance of (2.1), is 
only valid when the integration constants in (2.4) and (4.4) are taken in Z (G). In such 
case, Vr cancels out of (4.6) and that is why it does not appear in (2.1). Consequently 
(2.1) transforms covariantly under the gauge transformations (5.2). 

The integral equation (2.1) implies the local Yang-Mills equations. In order to see 
that, consider the case where Q is an infinitesimal volume of rectangular shape with 
lengths dx^, dx v and dx x along three chosen Cartesian axis labelled by fi, v and A. We 
choose the reference point xr to be at a vertex of Q. By considering only the lowest order 
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contributions, in the lengths of Q, to the integrals in (2.1), one observes that the surface 
and volume ordering become irrelevant. We have to pay attention only to the orientation 
of the derivatives of the coordinates w.r.t. the parameters a, r and (, determined by 
the scanning of Q described above. In addition, the contribution of a given face of Q 
for the l.h.s. of (2.1) can be obtained by evaluating the integrand on any given point 
of the face since the differences will be of higher order. Consider the two faces parallel 
to the plane x^x v . The contribution to the l.h.s. of (2.1) of the face at xr is given by 
—ie(aF^ u + (3F flu ) XR dx' Jl dx l/ , with the minus sign due to the orientation of the derivatives, 
and the contribution of the face at xr + dx x is ie(W~ 1 (aF flv + (3F flu )W)( XR+dx \)dx' x dx I/ , 
with W( XR+dx \) ~ 11 — ieA x (xr) dx x . By Taylor expanding the second term, the joint 
contribution is ieD^aF^ + f3F /xl/ ) XR dx tl dx 1/ dx x , with no sums in the Lorentz indices. 
The contributions of the other two pairs of faces are similar, and the l.h.s. of (2.1) to 
lowest order is l + ie(Dx[aF flu + (3F^ U ] + cyclic perm.) XR dx' 1 dx l 'dx x . When evaluating the 
r.h.s. of (2.1) we can take the integrand at any point of Q since the differences are of 
higher order. In addition, the commutator term in J given in (2.6) is of higher order 
w.r.t. the first term involving the current. Therefore, the r.h.s. of (2.1) to lowest order 
is 11 + ie(3J[ lu \dx fJ 'dx u dx x . Equating the coefficients of a and (3 one gets the pair of the 
(Hodge dual) Yang-Mills equations (5.1). 

6 Path independency on loop space and the 
conserved charges 

Let us discuss some consequences of (2.1). In order to write it for a given volume Q, we 
had to choose a reference point xr on its border, and define a scanning of Q with surfaces 
and loops. If one changes the reference point and the scanning, both sides of (2.1) will 
change. However, the generalized non-abelian Stokes theorem (4.6) guarantees that the 
changes are such that both sides are still equal to each other. Therefore, one can say that 
(2.1) transforms "covariantly" under the change of scanning and reference point. In fact 
to be precise, the equation (2.1) is formulated not on Q but on the generalized loop space 



The image of a given 7 is a closed surface £ in Q containing xr. A scanning of Q 
is a collection of surfaces S, parametrized by r, such that r = corresponds to the 
infinitesimal surface around xr and r = 2ir to dQ. Such collection of surfaces is a path 
in Lfl and each one corresponds to Q itself. In order to perform each mapping 7 we scan 




(6.1) 
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the corresponding surface E with closed loops starting and ending at xr, and each loop is 
parametrized by a, in the same way as we did in the arguments leading to (4.6). Therefore, 
the change of the scanning of Q corresponds to a change of path in LQ. In this sense, the 
r.h.s. of (2.1) is a path dependent quantity in LQ and its l.h.s. is evaluated at the end 
of the path. Of course, we do not want physical quantities to depend upon the choice of 
paths in LQ, neither on the reference point. Note that if we take, in the four dimensional 
space-time M, a closed tridimensional volume Q c , then the integral Yang-Mills equation 
(2.1) implies that 

P Jn c ^rVJV^ = 1 (62) 

since the border dfl c vanishes, and the ordered integral of the l.h.s. of (2.1) becomes 
trivial. On the loop space LQ C , Q c corresponds to a closed path starting and ending at 
xr. Consider now a point 7 on that closed path, corresponding to a closed surface E, 
in such a way that Qi corresponds to the first part of the path and Q2 to the second, 
i.e. Q c = Q\ + ^2, and E is the common border of Qi and 0,2- By the ordering of 
the integration determined by (4.4) one observes that the relation (6.2) can be split as 
P 3 e^ n 2 d ( drVJV p 3 gifii dC - dTV ^ v _ jj However, by reverting the sense of integration along 
the path, one gets the inverse operator when integrating (4.4). Therefore, f2i and ^2 1 are 
two different paths (volumes) joining the same points, namely the infinitesimal surface 
around xr and the surface E, which correspond to their border. One then concludes that 
the operator P 3 e^« d ( dTV ^ v [ s independent of the path, and so of the scanning of fi, as 
long as the end points, i.e. xr and the border dQ, are kept fixed. 



6.1 The conserved charges for the full Yang-Mills theory 

The path independency of that operator can be used to construct conserved charges using 
the ideas of [1, 2]. First of all, let us assume that the space-time is of the form S x 1R, 
with 1R being time and S the spatial sub-manifold which we assume simply connected 
and without border. An example is when S is the three dimensional sphere S 3 . It follows 
from (6.2) that Q$ = P 3 e^s d< ^ dTVJV = 1. That means that Qs is not only conserved 
in time, but also that there can be no net charge in S. In fact, there is the possibility 
of getting charge quantization conditions in such case, if for some reason at the quantum 
level a and (3 are not free parameters. Indeed, take for instance Maxwell theory [8], where 
G = U(l), and so the commutators in (2.6) drop, the surface and volume ordering are 
irrelevant, and Qs is unity if 

~ dx^ dx u dx x 2nn 
dQdrdaJ^x- — - — — r = — (6.3) 
s da dr dQ ep 
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with n integer. At the classical level, where is a free parameter, the only acceptable 
solution to (6.3) is n = 0, and so there should be no net charge is a space-time of the 
form 5xR, with S being closed, i.e. with no border. 




(a) (b) (c) 

Figure 1: We scan a hyper-cylinder S 2 x I with surfaces of type shown above. Such 
surfaces are then scanned with loops as follows: as we go up the neck we scan it with 
loops as shown in figure (a), then the sphere S 2 '^ ' is scanned with loops as shown in 
figure (b), finally as we go down the neck we scan it with loops as shown in figure (c). In 
all cases the loops start and end at xr. 

Let us now assume that the space-time is not bounded, but still simply connected, 
like 1R . We shall consider two paths (volumes) joining the same two points, namely 
the infinitesimal surface around xr, which we take to be at the time x° = 0, and the 
two-sphere at spatial infinity SQ®, at x° = t. The first path is made of two parts. The 
first part corresponding to the whole space at x° = 0, i.e. the volume Qg} inside S%£°\ 
the two-sphere at spatial infinity at x° = 0. The second part is a hyper-cylinder x J, 
where I is the time interval between x° = and x° = t, and S 2 ^ is a two-sphere at spatial 
infinity at the times on that interval. The second path is also made of two parts. The first 
one corresponds to the infinitesimal hyper-cylinder Sq x /, where S$ is the infinitesimal 
two-sphere around xr and I as before. The second part corresponds to the whole 
space at time a; = t, i.e. the volume inside S^'. From the path independency following 
from (6.2) one has that the integration of (4.4) along those two paths should give the 
same result, i.e. V^S^, x J) V(Q^) = V(Q^)V(Sq x I), where we have used the notation 
V (O) = P$e$n d ^ drVJV ( a nd where all integrations start at the reference point xr taken 
to be at x° = 0, and at the border S^ ** of fi^. In fact, one obtains V (fl) by integrating 
(4.4), and so one has to calculate JC = J 27r drV J 'V^ 1 , on the surfaces scanning the 
volume Q. We shall scan a hyper-cylinder S 2 x I with surfaces, based at Xr, of the form 
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given in Figure 1, with t' denoting a time in the interval I. Each one of such surfaces 
are scanned with loops, labelled by r, in the following way. For < r < we scan the 
infinitesimal cylinder as shown in figure (l.a), then for ^ < r < we scan the sphere S 
as shown in figure (l.b), and finally for ^ < r < 2tt we go back to xr with loops as shown 
in figure (l.c). The quantity K, can then be split into the contributions coming from each 
one of those surfaces as K, = K, a + /Q + K, c . In the case of the infinitesimal hyper-cylinder 
Sq x I, the sphere has infinitesimal radius and so it does not really contribute to JCb- We 
shall assume the currents and field strength vanish at spatial infinity as 



jjsw and F ^ ~ 

with 5,5' > 0, for R — > oo. Therefore the quantity J, given in (2.6), vanishes when 
calculated on loops at spatial infinity. Consequently, in the case of the hyper-cylinder 
x J, the contribution to JCb coming from the sphere with infinite radius vanishes, 
and we have that JC calculated on the surfaces scanning x / and Sq x / is the same, 
and so V (S^ x I) = V (Sq x 7). In fact there is more to it, since when we contract the 
radius of the cylinders in Figure 1 to zero the loops in figures (l.a) and (l.c) become the 
same. Therefore, the quantities J calculated on them are the same except for a minus sign 
coming from the derivatives since the loops in figure (l.a) get longer with the increase 
of r, and in figure (l.c) the opposite occurs. In addition, the quantity V inside the the 
expression K = J 27T drV J V^ 1 is insensitive to that sign since it is obtained by integrating 
(2.4) starting at xr in both cases. Therefore, it turns out that K a + fC c = 0. The loops 
scanning the sphere in figure (l.b) have legs linking the reference point Xr, at a; = 0, to 
the same space point but at x° = t', i.e. x R . Therefore, when integrating (2.4) one gets 
V XR = W(x R , xr)~ 1 V x t 'W(x R , xr), where W(x R , xr) is obtained by integrating (2.3) along 
the leg linking xr to x R , and where we have used the notation V x , meaning V obtained 
from (2.4) with reference point x. Using the same arguments and notation one obtains 
from (2.6) that, on the loops of figure (l.b), J XR = W(x R , XR)~ 1 J' x t'W(x t R , xr), and so 
fcb,x R = W(x R ,XR)~ l K, bx tiW(x R ,XR). The quantity V(O^) is obtained by integrating 
(4.4) and by scanning the volume with surfaces of the type shown in figure (l.b), and 
where the radius of S 2 varies from zero to infinity keeping the point x R fixed. Therefore, 
from the above arguments one gets that 

v^Cng) = w{x R ,XR)- l v xtE {n^)w{x R ,XR) (6.4) 

One then concludes that such operator has an iso-spectral time evolution 
V XR (n£) = U(t)V XR (n^)U(t)- 1 with U(t) = W(x t R ,x R )V (S 2 x i) (6.5) 
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Therefore, its eigenvalues, or equivalently Tr(V x t (Q®)) N , are constant in time. Note that 
from the Yang-Mills equations (2.1) one has that such operator can be written either as 
a volume or surface ordered integrals, and so we have proved (2.7). 

Note that ifV x t (fig) has an iso-spectral evolution so does g c V x t (O^), with g c E Z(G), 

R It 

the center of the gauge group. That fact has to do with the freedom we have to choose 
the integration constants of (2.4) and (4.4) to lie in Z(G), without spoiling the gauge 
covariance of (2.1) (see discussion in the proof of (2.1) above). 

Properties of the charges. First of all we point out that the conserved charges 
are gauge invariant. Indeed, using the same arguments given below (5.2) for the proof of 
(2.1), one has that under the gauge transformations (5.2) the operator V x t transforms as 

with g R being the group element, performing the gauge transformation, at x R . Therefore 
its eigenvalues, which are the charges, are gauge invariant. Note that the operator V x t 
is the same as that given in (2.7), since the volume fig corresponds to the spatial sub- 
manifold S at time equals t. 

Note that when one changes the reference point from x R to x R , the operator V^(fig) 
changes under conjugation by W(x R , x R ), i.e. the holonomy of the gauge field through 
a path joining those two points. Therefore, similarly to (6.4) one has 

v^(ng) -> w{x R ,x R y l v^(fig) w(? R ,x& 

So the conserved quantities, being the eigenvalues of V^(f2g), are also independent of 
the base points. Note in addition that the reference points x R and x R are on the border 
of the volume fig and so they lie at spatial infinity. Our boundary conditions imply that 
the field strength goes to zero at infinity and so the gauge potential is asymptotically flat, 
and consequently W(x R , x R ) is independent of the choice of path joining the two reference 
points. 

We have seen below (6.1) that the volume fi can be seen as a path in the loop space 
LQ. In fact, there is an infinite number of paths in LQ representing the same physical 
volume fi, due to the infinite ways of scanning fl with closed surfaces based at xr. We 
have shown that, as a consequence of (6.2), the operator P z e^^ d( ' dTV ^ v is independent 
of the path on loop space, as long as the end points, i.e. x R and the border <9fi, are 
kept fixed. When we say that we have to keep the end points x R and <9f2 fixed, we 
mean that not only the physical point Xr and surface <9f2 are kept fixed but also its 
scanning with loops. We do not have to worry about the scanning of xr because that is 
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trivial. A re-parameterization of the volume f2 corresponds to a change of the path in 
loop space representing £1. Therefore, the operator V x t (£1®), or equivalently the r.h.s. 
of (2.7) is independent of the re-parameterization of the volume fi^, Consequently, the 
conserved charges, which are the eigenvalues of that operator, are invariant under re- 
parameterization (scanning) of the volume that keep fixed its end points, i.e. keep 
fixed the physical point xr and surface £?fl^, as well as its scanning with loops. 

We now have to analyze how the charges transform when we fix the physical point xr 
and surface dttg}, but change the scanning of d£l® with loops. Again we do not have to 
worry about the scanning of the infinitesimal surface around xr because that is trivial. 
The volume Vt^ corresponds to the spatial sub-manifold S introduced in (2.7), at time 
equals t. Therefore, we have to analyze how the surface ordered integral over dS given in 
(2.7), transforms under the change of the scanning of dS with loops. Remember however 
that such integral is obtained by integrating (2.4) over dS. In (4.3) we have shown how 
such kind of integral changes when the surface of integration is changed. The calculation 
in (4.3) is valid not only for a change of the physical surface but also for a change of the 
scanning of it with loops. In the latter case the variation 5x^ (a) of the loop is parallel 
to the surface, i.e. there are no variations Sx^ (a) perpendicular to the surface. Since dS 
is a two-dimensional surface all 3-forms on it vanish. Therefore, the first term of (4.3) 
must vanish trivially when we restrict 5x x to be parallel to the surface, since and 
are, by definition, parallel to the surface. The argument we are using here is the same as 
that in the proof of Theorem 2.1 of [2] for r-flat connections in loop space. Replacing B^ v 
by ie a F M „ + (3 F^ u we get that (4.1) becomes (2.4) and (2.5). Therefore, the condition 
for the surface ordered integral over dS in (2.7), to be invariant under changes of the 
scanning of dS with loops is 

fj da jT da' [ (a - 1) F£ (a') + /3 F£ (a') , a (a) + F™ (a) 

dx K dx^ ( dx p (a') , „,,,.„, dx v (a)\ > . 

x ^7fa(-57 J ^w- fa '^-S7 i j = (6 - 6) 

where we have used the notation X w = W~ x X W. Such double integral in a and a' is 
performed over a given loop, based at xr, scanning the surface dS. Note however that 
such surface is the border of the spatial sub-manifold S, and so it lies at spatial infinity. 
Therefore, the field tensor and its Hodge dual, appearing in the integrand, are to be 
evaluated at spatial infinity. 

There are at least two sufficient conditions for (6.6) to hold true. The first one is that 
the field tensor and its dual should fall at spatial infinity faster than 1/R 2 , where R is 
the radius (or a measure of size) of the surface dS, which should be taken to infinity, 



16 



i.e. R — > oo. That is so, because the integrand in (6.6) is quartic in variations of the 
Cartesian coordinates x^ and quadratic in the field tensor and its dual. As we will see 
in section 7.2 that is exactly what happens in the case of instantons. So, the conserved 
(in the Euclidean time) charges constructed as the eigenvalues of the operator (2.7) are 
invariant under re-parameterization of volumes and surfaces for the instantons solutions. 

The second sufficient condition is that the commutator in the integrand of (6.6) must 
vanish, and so the field tensor and its dual conjugated by the holonomy W has to lie in 
an abelian subalgebra. As we discuss in sections 7.1 and 7.3 that is exactly what happens 
in the cases of monopoles, dyons and merons. For those solutions the field tensor at 
spatial infinity has the form ~ \ G (f), where r is the radial distance, and G (f) is 
a Lie algebra element depending on the unit vector f, and being covariantly constant, 
i.e. D^G (f) = 0. That fact implies that W~ x G (f) W is constant everywhere, and so all 
components of the field tensor and its dual (conjugated by W) lies in the direction of that 
element of the Lie algebra. Therefore, the commutator in the integrand of (6.6) vanishes. 
Consequently, the conserved charges constructed as the eigenvalues of the operator (2.7) 
are invariant under re-parameterization of volumes and surfaces for the monopole, dyon 
and meron solutions. 



6.1.1 Comparing with the textbook conserved charges 

The usual conserved charges for the non-abelian gauge theories discussed in textbooks 
are essentially those proposed by Yang and Mills in their original paper [3], and they are 
constructed as follows. Using Yang-Mills equations (5.1) one introduces the currents 

f = d v F v » = J»-ie[A v , F v » ] f = d v F v » = -ie [ A u , F Vft ] (6.7) 

which are conserved due to the antisymmetry of the field tensor, i.e. d^j^ = and 
d^j 1 * = 0. Under appropriate boundary conditions, the corresponding conserved charges 
are given by 

iO _ I j6 T? /O / ^?3^ o SO 



Q YM = / d 6 xdiF M = dE-E Qym = / d 6 xdiF M = - / • B 

(6.8) 

where is a two-sphere at spatial infinity, and = F 0i , Bi = —\eijkFj k , are the 
non-abelian electric and magnetic fields respectively. Under the gauge transformations 
(5.2) one has 

Qym^I dt-gEg- 1 Q YM - / dt ■ g B g~ l (6.9) 
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If one restricts oneself to gauge transformations where the group element g goes to a con- 
stant at spatial infinity then the charges transform covariantly, i.e. Qym — > goo Qym g^, 
and Qym — > goo Qym g^, with g^ being the constant group element on S^. Therefore, 
the eigenvalues of Qym and Qym are invariant under those restricted gauge transforma- 
tion. 

The conserved charges we construct in this paper, namely the eigenvalues of the op- 
erator (2.7) differ in many aspects from the charges (6.8). First, we show that only 
the eigenvalues of the operator (2.7) are conserved in time. The full operator has an 
isospectral time evolution. Second, those eigenvalues are invariant under general gauge 
transformations, and not only under restricted transformations where the group element 
goes to a constant at infinity. Third, the charges obtained from (2.7) are different from 
those obtained from (6.8). Indeed, as we show in the example of the monopole in section 
7.1, all the charges coming from (6.8) vanish, and those obtained from (2.7) give the mag- 
netic charge of the monopole, as well as its quantization. There are two aspects to stress 
here. First our calculations work equally well for the Wu-Yang monopole as well as for 
the 'tHooft-Polyakov monopole, and the conservation of the charge is dynamical and not 
necessarily topological. Second, the magnetic charge which is conserved is associated to 
the abelian subgroup only (in the case the gauge group is 5*0(3), to the U(l) subgroup) 
and not to the full group as is the case of the charge coming from (6.8). That is also true 
for the Wu-Yang monopole where the gauge symmetry is not spontaneously broken. For 
those reasons, the construction of conserved charges for non-abelian gauge theories that 
we propose in this paper constitute a great advance with respect to what is usually found 
in the literature. 



6.2 The conserved charges for the self-dual sector 

The integral equation (2.9) leads to some interesting consequences which we now discuss. 
Consider the case where the surface E is closed, i.e. it has no border. Then, <9X disappears 
and the l.h.s. of (2.9) is trivial and so 

where we have denoted S = dQ, i.e. the border of the volume Q contained inside E. Now, 
if one takes = k (1 — a) in (2.1), one observes that the second term in the expression 
(2.6) for J vanishes, when the self dual equation (2.9), or equivalently (2.8), are imposed. 
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Therefore, (6.10) and (2.1) imply that 



Pse ieK(l-a)f dC*d*VJ* x >g.>£-*§ r V-i = j ( g u) 

Since that has to be valid on any volume Q, one concludes that the current should 
vanish. That is an expected result, and indeed the imposition of the Yang-Mills equations 
(5.1) and the self duality equations (2.8) imply the vanishing of J M . In addition, the 
first order differential equations (2.8) imply the second order equations (5.1) when the 
current vanishes, since the second equation in (5.1) is just an identity, the so-called Bianchi 
identity, i.e. 

DxF^ + D^F U \ + D u F Xfl = (6.12) 

In order to understand that the integral self dual Yang-Mills equation (2.9) implies the 
the full integral Yang-Mills equation (2.1) we have to construct the integral version of 
the Bianchi identity. One can obtain that by taking the generalized non-abelian Stokes 
theorem (4.6), which is an identity, and choose = ieXF^, with A a free parameter, 
and use (6.12) to get 

P 2 e ie X Im ^ d ~& = P 3e L dtdrVCV-i (g 13) 



with 



C = e 2 A (A - 1) r da I da' 



FZ (O , F% (a) 



io Jo 

dx K dx t " fdx p (a') dx v (a) dx p (a') dx v (a) 



da' da \ dr d( d( dr 



(6.14) 



The relation (6.13) is highly non-trivial for A ^ or 1. Indeed, for A = 1 it leads 
to what one would naively expect as the integral version of the Bianchi identity, i.e. 
P 2 e Jen da dr = j xhe relation (6.13) carries important information about the 

flux of a non-abelian field strength F^ through a closed surface when that is rescaled 
by a factor A, and it certainly deserves further investigation. Now, by imposing the 
self duality equation (2.9), or equivalently (2.8), one observes that (2.1) becomes (6.13) 
with A = a + So, the self duality condition does turn the full integral Yang-Mills 
equation (2.1) into an identity, namely (6.13), in a manner similar that (2.8) does to the 
full differential Yang-Mills equation (5.1). 

The other consequence of the relation (6.10) is that it leads to conservation laws, in a 
manner similar to that which (6.2) does in the case of the full Yang-Mills equations. In 
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order to do that let us consider the loop space associated to a surface S 

LS = {7 : S 1 ->■ S I north pole -> x fi G <9S} (6.15) 

A scanning of S with loops, in the way described below (2.9), corresponds to a path in 
LS. In fact, there is an infinity of paths in LE corresponding to the same physical surface 
S. The closed surface dQ is a closed path in LdQ, and the reference point xr is now any 
chosen point on dQ since it has no border. Let us now take a point in that closed path 
corresponding to a loop in dfl. It then splits the path into two parts, or equivalently dfl 
into two surfaces with a common border, i.e. dfl = Si + S 2 . Consequently (6.10) can be 
written as 

P2e ie I^^rW-^[aF^+K(l-a)F^]W^^ ^ je dadrW-^aF^+K(l-a)F^} = ^ 

(6.16) 

By reverting the sense of integration along the path one gets the inverse operator. But Si 
and S 2 1 are two different paths joining the same two points in the loop space Ldfl, namely 
the infinitesimal loop around xr and the common border of Si and S 2 . Therefore, (6.16) 
implies that the operator 

is independent of the path, or equivalently of the surface S, as long as the end points 
(the border of S and the reference point xr on it) are kept fixed. In addition, by fixing 
the surface S and changing the path in the loop space LS that corresponds to it, we see 
that V (S) is independent of the choice of the scanning. Such path independency leads 
to conservation laws as we now explain. 

First of all let us fix a plane in an Euclidean space-time M, and let us denote by 
x^ and x u (fi and v fixed) the Cartesian coordinates associated to the two orthogonal 
axis lying on that plane. That could be done in a space time of any metric, but we are 
interested in real solutions of the self dual Yang-Mills equations (2.8), and so we choose 
the Euclidean metric. We shall denote by x a and x 13 (a and (3 fixed) the two Cartesian 
coordinates corresponding to the directions orthogonal to the plane x^ x v . In fact, we 
shall work with a given fixed axis parameterized by t which is a linear combination of the 
x a and x 13 axis, i.e. we write 

x a = t cos x /3 = tsin0 — 00 < t < 00 O<0<7r (6.18) 

We shall choose two surfaces Si and S 2 with the same border as shown in Figure 2. The 
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Surface Si = U (S^ x J) Surface S 2 = [Si x /) U 2?W 

Figure 2: The surfaces Si and £2, with the same border Sl^\ and reference point Xr, 
used in the construction of conserved charges. 

surface is made of two parts. The first part is a disc T>j® of infinite radius on the plane 
x^ x v at t = 0, i.e. it is the whole plane x^ x u at t = 0. The second part is a cylinder 
S 1 ^, x I, where J is a segment of the t-axis going from t = to t = t, and is a circle 
of infinite radius parallel to the plane x** x v '. We choose the reference point xr to lie on 
the border of T>j®, i.e. on the circle at t = 0. The surface S 2 is also made of two 
parts. The first part is an infinitesimal cylinder Sq x I , with I as before, and Sq a circle 
of infinitesimal radius also parallel to the plane x^ x v . We choose the infinitesimal circle 
Sq such that xr lies on it at t — 0. The second part of £2 is a disc of infinite radius, 
parallel to the plane x^x", and at t — t. We scan the two surfaces with loops, as shown 
in Figure 2, starting and ending at the reference point xr (for a similar discussion on 
how to do that see section 3.1 of [6]). Therefore, the surfaces Si and £2 are two different 
paths in the loop space Ldil, such that d£l = Si + Sg , with the same end points, namely 
the infinitesimal circle at xr and the circle S^ at t = t. Since the operator (6.17) is 
independent of the surface, it follows that it is the same calculated on those two surfaces, 
i.e. 

V(E0 = V(E 8 ) V(V^)V(SIXI)=V(S 1 XI)V(V£) (6.19) 

Note that in fact, V (Sq x I) = t since Sq is infinitesimal. Now if we impose the boundary 
conditions 

F pa = KF pa ~ -^- s T{f) for rwoo (6.20) 

where 5 > 0, r is the radial distance in the x 11 x v plane, i.e. r 2 = (x M ) 2 + (x u ) 2 (fi and v 
fixed), and T (f) is a Lie algebra element depending only on the radial direction, i.e. r =-. 
Those boundary conditions imply that the integrand in (6.17) vanishes on the cylinder 
S^ x I, and so V (S^ x I) = 1. Therefore, one gets that V (vjg) = V (v®). We can 
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not say yet we have a conserved quantity in the parameter t, because both operators are 
calculated using the same reference point Xr at t — 0. Let now x^ be a point with the 
same x^ and x v coordinates but at t — t, i.e. lying at the border of D|' (see Figure 
2). If we now scan T>® with loops based at Xo we get an operator V (t) (t>^\ which 

X R \ / 

is related to that, based at x R , as V XR (pVf) = W~ l (x { ^,x R ) Vjt) (v®) W (x^^r), 
where W (x r ,xr) is the holonomy of the gauge potential A^, obtained by integrating 
(2.3), along the line joining xr to x R , and where the subindices, xr and x$ , indicate the 
reference point using in the calculation of the operator (6.17). Therefore, one gets that 

V x it) = W (x$,x R ) V Xr (z>£>) W- 1 (x<g,x R ) (6.21) 

From (6.17) and the integral self dual Yang-Mills equation (2.9) we get that 

V w (V®) =P 2 e J v£ J M J dCT dr = e (6.22) 

where is the border of P™. 

The result we have obtained is that the operator (6.22) has an iso-spectral evolution 

r , .iN 

in t. Then, its eigenvalues, or equivalently Tr V x (t) \ T>£>) , are constant in t. But by 
rotating the axis t (see (6.18)), one gets that those eigenvalues are constant on the whole 
plane x a x 13 . But since V x (t) yD^j is integrated over the whole plane x^x u , it turns out 
that the eigenvalues are in fact independent of all coordinates of the Euclidean space-time 
M. In addition, such construction is independent of the choice of the orientation of the 
plane x^ x v . We stress that such conserved charges are gauge invariant, independent of 
the parametrization of the surfaces and also of the choice of the reference point Xr. The 
arguments for such facts are similar to those presented in the case of the conserved charges 
of the full Yang-Mills equations (see paragraph below (6.5)). We have therefore proved 
the relation (2.10). 



6.2.1 Interpreting the charges (2.10) 

Note that the proof of (2.10), or equivalently (6.22), was based on the equation (6.10) 
following from the integral self-dual equation (2.9). However, if one takes (6.10) on shell, 
i.e. when (2.8) holds true, then (6.10) becomes 

P 2e ^J dn dadrW^F, v W^^- = j (623) 
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But that is just an identity following either from the usual non-abelian Stokes theorem 
(3.1) by taking C M = ieA^, and £ a closed surface, i.e. the border of a volume S = dfl, 
or then from the integral Bianchi identity (6.13) with A = 1. Therefore, if the field tensor 
satisfies the boundary conditions (see (6.20)) 

F pa ~-^T(r) for r oo (6.24) 

with 5 > 0, all the arguments leading to (6.22) hold true, and we obtain an isospectral 
evolution for the operator 

V\ t) (vm =P 2 e J "X da dT = Pi e 5 (6.25) 

Therefore the eigenvalues of (6.25) are constant in the time t introduced in (6.18). Note 
that such result applies to any field configuration satisfying (6.24) and it does not have 
necessarily to be a self-dual solution of the Yang-Mills equations. In fact, it does not even 
have to be a solution of the Yang-Mills theory since (6.23) follows from identities. 

Note that if 2?W is a spatial surface then the surface ordered integral in (6.25), namely 

ie f (t) dactrW- l F liv W^-^f- 

P 2 e ^ , corresponds to the flux of the non-abelian magnetic field 

{Bi = — | €ijk Fjk) through that surface. On the other hand, if T>^ has a time component 
then that integral corresponds to the flux of the non-abelian electric field (E{ = Foi) 
through such spatial-temporal surface. Note that the conservation of those fluxes can be 
intuitively understood by the fact that the border of is the circle of infinite 

radius. Therefore, if the field configuration is localized in a region at a finite distance to 
the plane containing S^ 4 -* the solid angle defined by that circle is 2 n spheroradians. If 
that field configuration evolves in the time t changing its distance to that plane by a finite 
amount, the solid angle will remain the same, and so should the flux of the magnetic or 
electric fields. Of course, that is an intuitive view, and so not precise, of the conservation 
of the charge, but we will show that it stands reasonable in the examples we discuss in 
section 7. 



7 Examples 

We now evaluate the conserved charges obtained from (2.7) and (2.10) for well known so- 
lutions like monopoles, dyons, instantons and merons. For simplicity we restrict ourselves 
to the case where the gauge group is 577(2), since it contains all the physically relevant 
aspects of the construction. 
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7.1 Monopoles and dyons 



In order to evaluate the operator (2.7) let us first work with its form as a surface ordered 
integral of the field tensor and its dual, and then consider the volume ordered integral form 
of it. Therefore we need the field tensor at spatial infinity only. The 'tHooft-Polyakov [9] 
and Wu-Yang [10] monopoles for a gauge group SU(2) have the same behavior at infinity. 
Indeed, the gauge field and field tensor at infinity are given by 

! v ' 1 % 

A = — e ijk -± T k = - - d t g g' 1 ; A = 

e r 2 e 

Fij = ^e ijk ^r-T; F 0i = (7.1) 

where f = is unit vector in the radial direction, Tj are the generators of the SU(2) Lie 
algebra satisfying 

[Ti , Tj] = ie ijk T k i,j, k = 1,2,3 (7.2) 

and g is the group element g = exp (i it r ■ T). In the case of the Wu-Yang monopole the 
formulas (7.1) correspond to the exact solution, and not only to its behavior at infinity. 
In the case of the 'tHooft-Polyakov monopole, on the other hand, (7.1) is true only in the 
limit r — > oo, and we do not show the behavior of the Higgs field since it is not relevant 
in the evaluation of the charges as we show below. 

In order to calculate (2.7) we have to scan the two-sphere at spatial infinity with 
loops starting and ending at a chosen reference point Xr. The quantity W is obtained 
by integrating (2.3) from xr to a given point on the loop. An important fact in such 
calculation is that the quantity f ■ T is covariantly constant, i.e. 

D i f-T = d i r-T + ie[A i ,r-T] = (7.3) 

Therefore, using (2.3) one gets that 

- 3 -(W- 1 r-TW)=0 (7.4) 
da ^ ' 

So, W~ l f ■ T W is constant along any loop, and consequently constant everywhere. If we 
denote by Tr the value of f • T at the reference point xr, one gets from (7.1) that 

W- 1 F ij W= l e ijk r \T R (7.5) 
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and so it belongs to the abelian subalgebra U(l) generated by T R . Therefore, the surface 
ordering becomes irrelevant and the operator (2.7) becomes (since Fij = 0) 

iea f 2 dadrW- 1 FijW ^ ^ -iea J 2 dt-B R 

Qs = e s °° = e s °° 



where we have introduced the abelian magnetic field Bf = — - £yfc W^ -1 F jfc W = ^ T R , 
and have denoted d£j = ^ da dr. Using Gauss law we define the magnetic charge 

as 

dt-B R = G R and so G R = -— T R (7.7) 

s-L ' e 

According to our construction (see (2.7)) the eigenvalues of Qs are constant in time which, 
in view of (7.6), is equivalent to say that the eigenvalues of G R are constants. At the end 
of section 2, where we discuss the nature of the eigenvalues of the charges, we have shown 
that our construction does not fix the vector space (representation) where such eigenvalues 
should be evaluated. If we choose to calculate them on a finite dimensional representation 
of the gauge group SU(2) (or 5*0(3)), then the eigenvalues of T R are integers or half- 
integers. Therefore it follows that the magnetic charges, on those representations, must 
be quantized as 

2 7T Tl 

eigenvalues of G R = n — 0, ±1, ±2 . . . (7.8) 

e 

Let us now look at the evaluation of the magnetic charges as volume ordered integrals. 
From (2.7), (2.6) and (7.6) one gets that 



e 



-ieaG R _ p 3e / spacc d C dTy ^monopoloV 1 (7.9) 



with 



p2n rtj 

Jmonopoie = e 2 a (a - I) da da' 

Jo Jo 



^ dx i dx k ( d x j (a') dx l (a) d x j (a') d x l (a) \ 
da' da \ dr d( d( dr J 

where we have used the fact that = 0, and J123 = Jq = 0, since in the Wu-Yang case 
there is no current, and in the 'tHooft-Polyakov case we have a static solution with A = 0, 
and so the time component of the Higgs field current vanishes. Note that (7.9) and (7.10) 
could also have been obtained from the integral Bianchi identity (6.13). In the case of the 
'tHooft-Polyakov monopole it follows that (7.5) is not true inside the monopole core and 
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we have a quite non-trivial expression for the magnetic charge as a volume integral. We 
do not evaluate it in this paper and so we do not have anything to add to the result (7.8). 
Note however, that even though the r.h.s. of (7.9) is integrated over the entire space, the 
Higgs field does not contribute for such formula of the magnetic charge. 

In the case of the Wu-Yang monopole, however, it is not that difficult to evaluate (7.10) 
after performing a regularization of the Wilson line, passing through the singularity of 
the gauge potential (7.1). That calculation is given in the appendix A and the result is 
that Jmonopoie vanishes in all loops, and so (see (A. 10)) 



e 



-ieaG R _ p 3e X pacc d C dTy ^mono P oloV 1 _ j (7-11) 



Such result implies that the magnetic charge for the Wu-Yang monopole is quantized as 

2 7T Tl 

eigenvalues of Gr ■ = n — 0, ±1, ±2 . . . (7-12) 

e a 

If the parameter a is indeed arbitrary, and there is no physical condition to fix it, then 
the only acceptable value for the integer n is n = 0, and so the magnetic charge of the 
Wu-Yang monopole should vanish. Perhaps we have to go to the quantum theory to 
settle that issue. It might happen that quantum conditions restrict the allowed values of 
a. That is one of the important points of our construction to be further investigated. 

Let us now consider the case of dyon solutions. For the Wu-Yang and the 'tHooft- 
Polyakov calculated by Julia and Zee [11], the space components of the gauge 

potential and field tensor, namely Ai and Fij, i,j = 1, 2, 3, are the same as those in (7.1), 
and the time components, at spatial infinity, are replaced by 

Ao = —r.T+l +0{-)- Foi = l^f-T+0(-); r -> oo (7.13) 

e e r r z e r z r A 

with M and 7 being parameters of the solution. In the case of the Wu-Yang dyon, i.e. 
when there is no Higgs field and no symmetry breaking, the formulas (7.13), as well as 
(7.1), are true everywhere and not only at spatial infinity. In other words, there are no 
terms of order r~ 2 and r -3 in Aq and respectively. Using (7.4) we have, in anology to 
(7.5), that 

W-'FtjW^-^e^^Tn r -> 00 (7.14) 

So, W~ l F^ W also belongs to the abelian subalgebra U{1) generated by Tr, and it is 
in fact proportional to W~ x F^ W . Therefore, the surface ordering is not relevant in the 
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evaluation of the operator (2.7), and we get in the dyon case that 



Qi 



e a f 2 dZ-B R +/3 / 2 dt-E R 



-ie[aG R +f3K R ] 



(7.15) 



where we have introduced the abelian electric field E R = W 1 Fqi W = - Tr, B r and 
Gr are the same as before, and using Gauss law we have defined the electric charge as 



dt-E R = K 



R 



and so 



K 



R 



47T7 



T 



R 



(7.16) 



According to (2.7) the eigenvalues of Qs are constant in time, and so we conclude from 
(7.15) that the eigenvalues of (a Gr + (3 Kr) are constants. But if we assume that the 
parameters a and /3 are arbitrary it follows that the eigenvalues of Gr and Kr are inden- 
pendently constant in time. We have seen that, by evaluating the eigenvalues of Tr on 
finite dimensional representations of the gauge group SU(2), where they are integers or 
half-integers, the eigenvalues of the magnetic charge Gr are quantized as in (7.8). Under 
the same assumptions it follows from (7.16) that 



eigenvalues of K R 



n = 0,±1,±2, 



(7.17) 



Again from (2.7) we can express the charges in terms of volume ordered integrals, and 
from (2.7), (2.6) and (7.15) we get 



tO R +/3K R ] =p I s ^ c JCdrVJ Ayou V 1 



(7.18) 



with 



J, 



dyon 



2n , \ ■ n^w dx l dx j dx k 
da { iepJ£ k 



o 

+ e 2 f da' 
Jo 



l3k da dr d( 
((« -l)Fg + 0F%) (a') , (aF% + pp t 



x 



dx l dx k ( d x j (a') d x l (a) d x j (a') d x l (a) ' 



da' da 



dr 



d( 



d( 



dr 



[a 



(7.19) 



In the case of the Wu-Yang dyon we have J123 = Jo = 0, since there are no sources. 
However, for the Julia-Zee dyon we have that the Higgs field contributes to the current 
J M . One can extract the magnetic and electric charges Gr and K R from (7.18), by setting 
(5 = and a = respectively. Then, the Higgs field contributes to the electric charge 
only. 
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In the case of the Wu-Yang dyon it is possible to evaluate (7.19) after a regularization 
of the Wilson line operator passing through the singularity of the gauge potential (7.1). 
That calculation is shown in the appendix A and it was found that J7d y0 n vanishes in all 
loops for the Wu-Yang dyon (see (A. 10)). Therefore 

e -ie[aG R +PK R ] = J spaco rf CdrK7 dyon V" 1 = j ^ ^ 

which implies that 

2 7T Tl 

eigenvalues of [a G R + K R ] = n = 0, ±1, ±2, . . . (7.21) 

e 

Again, if the parameters a and (3 are indeed arbitrary, then it follows from (7.21) that 
by taking /3 = 0, the eigenvalues of G R should obey (7.12). On the other hand by taking 
a = 0, one concludes that (7.21) implies that 

2 7T Tl 

eigenvalues of K R = —— n = 0, ±1, ±2 . . . (7.22) 

Now, if (7.12) and (7.22) should hold true for arbitrary values of a and (3 respectively, then 
the only acceptable value of the integer n in both equations is n = 0, and consequently 
the electric and magnetic charges of the Wu-Yang dyon should vanish. As discussed below 
(7.12), we have perhaps to consider of the quantum theory to settle that issue, since there 
could be quantum conditions restricting the values of a and /3. 

It is worth evaluating the conserved charges associated to the operator (6.25) in the 
case of the monopole and dyon solutions. For simplicity we shall take the circle of infinite 
radius S^*- 1 to lie on the plane x 1 x 2 , for some constant values of x 3 and x°. The calculation 
for any other plane is similar and leads, as we shall see, to similar results. We use polar 
coordinates on the plane, with the polar angle being the parameter a parameterizing the 
circle, i.e. x 1 = p cos cr, x 2 = p sin a, and r 2 = p 2 + (x 3 ) 2 , with a; 3 constant, and p — > oo. 
Therefore, for both the monopole and dyon solutions, we get from (7.1) that on the circle 
of infinite radius we have ^- = - T3 , since on that circle p ~ r — > 00 and the unit 
vector f, on that limit, has components only on the plane x 1 x 2 . Therefore, from (6.25), 
we have 

V\ t) (Vg) = Pi e""^ daA ^ = e"* 2 ^ (7.23) 

X R ^ ' 

As shown in the arguments leading to (6.25) the eigenvalues of such operator are conserved 
in the time t which in this case can be any linear combination of x° and x 3 . But that is 
equivalent to say that the eigenvalues of T 3 are conserved in t. Since those are integers or 
half integers in a finite dimensional representation of SU(2), it follows that the operator 
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V\ t) [Vm is either 1 or -1, i.e. an element of the center of SU(2). As pointed out 

x R V / 

below (6.25) such conserved charge can be interpreted as the non-abelian magnetic flux 
through the surface D^, which border is S^'. Indeed, we see that the argument of the 
exponential in (7.23) is half of the argument of the exponential in (7.6), if one takes a = 1, 
and considers that Tr and T3 have the same norm and so the same eigenvalues. Remember 
Tr is the value of f ■ T at the reference point xr and so Tr (Tr) 2 = Tr (Tj Tj) fj = A, 
where Tr (Tj Tj) = A 5ij, and A depends upon the representation used. Since the argument 
of the exponential in (7.6) corresponds to the total flux of the magnetic field through S^, 
we see that it is the double of the flux through T>^. Due to the spherical symmetry of the 
solution that is compatible with interpretation, given below (6.25), since corresponds 
to a solid angle of An spheroradians as seen from the center of the solution and DjQ 
corresponds to only 2tt spherodradians. 

There are several comments that are important to make regarding the construction 
of charges for monopoles and dyons. First of all the charges we constructed are different 
from those given by (6.8). Indeed, from (7.1) and (7.13) we have that the magnetic and 
electric fields at spatial infinity for the Wu-Yang and 'tHooft-Polyakov cases are given by 

B i ^-- 7 \f-T- Ei^^ r -\f-T- r^oo (7.24) 

So, they do not lie on an abelian £7(1) subalgebra like Bf and Ef given above, and when 
integrated on the two-sphere at infinity lead to the vanishing of the charges (6.8), i.e. 

^.monopole/dyon P^monopole/dyon p. r\r\ 

Note that even though the evaluation of the charges (7.6) and (7.15) rely on the choice of 
a reference point xr, which leads to a particular generator T R , the charges do not depend 
upon that reference point. Indeed, if one changes the reference point from xr to xr, then 
the operator Q$ changes as (see discussion below (6.5)) 

Qs -> W(x R , xr)' 1 Q s W(x r , x r ) (7.26) 

where W (xr, xr) is the holonomy from the old reference point xr to the new one xr. 
Therefore the charges, which are the eigenvalues of Qs, do not change. 

Note that since the charges are the eigenvalues of the operator (2.7), the number of 
charges is equal to the rank of the gauge group G. However, since the field tensor and 
its Hodge dual come multiplied by the arbitrary parameters a and (3 respectively, the 
number of charges is in fact twice the rank of the gauge group. So, we have rank of G 
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magnetic charges and rank of G electric charges. In this sense the number of charges does 
not pay attention to the pattern of symmetry breaking. Indeed, our calculations have 
shown that the electric and magnetic charges are the same for the Wu-Yang case, which 
is a solution of the pure Yang-Mills theory, and for the 'tHooft-Polyakov case which has 
a Higgs field breaking the gauge symmetry from 5*0(3) down to 50(2). In fact, as we 
have shown above the Higgs field does not play any role in the evaluation of the charges. 
In addition the conservation of the charges is dynamical, i.e. it follows directly from 
the integral form of the equations of motion (2.1). That contrasts to the conservation 
of the magnetic charge of the 'tHooft-Polyakov monopole which follows from topological 
(homotopy) considerations related to the mapping of the Higgs field from the spatial 
infinity to the Higgs vacua. Another point relates to the quantization of the magnetic 
charge, which in the case of 'tHooft-Polyakov monopole comes from the topology again, 
i.e. the charge is determined by second homotopy group of the Higgs vacua. In our case, 
the quantization of the charges comes from the integral equations of motion themselves 
(more precisely the integral Bianchi identity (6.13)), without any reference to the Higgs 
field since it works equally well for the Wu-Yang and 'tHooft-Polyakov monopoles. It is 
worth pointing out that the magnetic charges of monopoles of 'tHooft-Polyakov type have 
already been expressed in the literature, as surface ordered integral using the ordinary 
non-abelian Stokes theorem. See for instance section 5 of Goddard and Olive's review 
paper [12]. However, that construction is totally based on the properties of the Higgs 
vacua, since the fact that the Higgs field must be covariantly constant at spatial infinity 
leads to an equation for it similar to (2.3) for the Wilson line W. In addition the argument 
for the conservation of the magnetic charge is particular to that type of solution since it 
is based on topology considerations of the solution. The generalized non-abelian Stokes 
theorem (4.6), and consequently the integral Yang-Mills equations (2.1) were not known 
by that time. We believe that the role played by the integral equation (2.1) in monopole 
and dyon solutions deserves further study specially in the quantum theory. It might 
connect to the so-called abelian projection and arguments for confinement. 



7.2 Euclidean solutions 

Note that the proof that the eigenvalues of the operator (2.7) are constant in the time 
x° did not really depend on the particular properties of the metric on the Minkowski 
space-time. In fact, the metric tensor was only necessary to introduce the Hodge duals of 
the field tensor and of the matter current. Therefore, one could evaluate those eigenvalues 
for Euclidean solutions, like instantons and merons, and obtain charges conserved in the 
Euclidean time x 4 . We will see that those charges are trivial in the case of instantons 
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but not in the case of merons, where they relate to magnetic type charges. We shall also 
evaluate the charges associated to the operator (6.25), or equivalently (2.10), for the case 
of instantons and merons. 



7.2.1 Instantons 

The instantons are euclidean self-dual solutions where the gauge potentials become of the 
pure gauge form at infinity, i.e. — > - d^g g -1 , for s — > oo, with s 2 = x\ + x\ + x\ + x 2 , 
where x M , /i = 1, 2, 3, 4, being the Cartesian coordinates in the Euclidean space-time. That 
fact simplifies many of the calculations, and makes trivial the eigenvalues of the operators 
(2.7) and (2.10). However, as pointed out in the section 6.2.1 the physical charges may 
be related to the eigenvalues of the Lie algebra elements associated by exponentiation to 
the group elements corresponding to the operators (2.7) and (2.10). We shall illustrate 
that with the cases of the one and two-instanton solutions. 

Let us consider the case where the gauge group is SU(2) and take the one-instanton 
solution [13] given by 

2 x v -a v ~ o> 4 A 2 

with k = ±1, and where a M , [i = 1, 2, 3, 4, and A are parameters of the solution, and 

<7j4 = — nTi ; Oij = EijkTk ; [T il Tj]= ie^Tk (7.28) 

with i, j, k = 1,2, 3, Ti being the generators of the SU (2) Lie algebra, and the quantities 
satisfy ^e^ ua pa a p = na^. 

If one considers a 2-sphere of infinite radius surrounding the instanton then we 
have that the integrand in the surface ordered integral in (2.7) behaves as 

(a + Kp)F^ — as r^oo (7.29) 

where r is the radius of S^. Therefore, the operator (2.7) is unity, i.e. Qs^ = 1, and 
that unity comes from the exponentiation of the trivial element of the Lie algebra. So, 
the one-instanton solution have indeed vanishing charges associated to (2.7) . 

Let us now evaluated the charges associated to the operator (2.10). Without any loss 
of generality let us take the circle of infinite radius to lie on the plane x 1 x 2 , at some 
constant values of x 3 and x A . Due to the symmetries of the one-instanton solution the 
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calculation on any other plane is very similar. We shall use polar coordinates on the plane 
x 1 = pcoscr, and x 2 = psina, with s 2 = p 2 + (x 3 ) 2 + (x 4 ) 2 , and p — >• oo , and where we 
have taken the polar angle o to be the same as the parameter which parameterizes the 
circle S^ 1 '. Therefore, using (7.27), the integrand of the path ordered integral in (2.10) 
becomes 

= -(2/e)p(-a lu sina + a 2u cosa)^ — — " — — (7.30) 

da [x^ - aP) - A 2 

As p — > oo, the only non- vanishing terms are those where x v is one of the coordinates of 
the plane, i.e. x 1 or x 2 . Then ^ — > (2/e) ai 2 , and so (2.10) becomes 

V^) = P ie ~ ie ^J t)daA ^ = e -* 2 JT*^ = e~^ T * (7.31) 

where is the infinity disk with border S^f' on the plane x 1 x 2 . Adapting the interpre- 
tation given below (6.25), to the euclidean case at hand, such operator should correspond 
to the (euclidean) magnetic flux $ through V^, i.e. V (Poo) = e - * 6 *^ 00 -*. If one takes 
finite dimensional representations of SU(2), the eigenvalues of T3 are integers or half in- 
tegers and so V (Poo) = 1 ; which is compatible with the fact the connection A^ for the 
one-instanton, is flat in the limit s — > 00. However, that fact also implies that the flux 
should be quantized as 

§(V 00 ) = 2 ^ n = 0,±l,±2,... (7.32) 

However, following the same reasoning, the charges coming from (2.7) should also be 
associated, in such self-dual case solution, to the (euclidean) magnetic flux through the 
closed sphere S 2 ^. But as we have shown below (7.29) that flux must vanish. Therefore, 
the only compatible value of n in (7.32) seems to be n = 0. 

Let us now consider the case of the two-instanton solution. A closed form for the regu- 
lar (non-singular) form of that solution is not easy. However we need only its asymptotic 
form to calculate the charges and that is provided by Giambiagi and Rothe [14]. Consider 
a two-instanton regular solutions where the position four-vector of each instanton is given 
by di and a 2 . Then the asymptotic form of the connection is given by [14] 

4 

^ ~^ e 2 s 2 ^ ' a>J,X bx + ^ Xv GuX aS s 00 (7.33) 

where s 2 = x\+x 2 +x\+x 2 4l a^ u is the same as in (7.28), a M is the difference between the two 
position four-vectors, and is the reflection of a M through the hyperplane perpendicular 
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to x^, i.e. 



and so b 2 



a? = cii — a 2 



o (g • a) 

^ n -Ell 

X J. 



(7.34) 



The leading term of the connection given in (7.33) is flat, and it falls as 1/s as s — > oo. 
Therefore, the leading term of the field tensor which would fall as 1/s 2 vanishes, and 
therefore F^ v falls at least as 1/s 3 . Consequently, the integrand of the surface ordered 
integral in (2.7), namely F^ v ^f-^f-, falls faster than and so it vanishes in the limit 
s — > oo. We then conclude that, similarly to the one-instanton case, the charges associated 
to the operator (2.7) vanish when evaluated on the two-instanton solution. 

We now evaluate the charges associated to the operator (2.10) for the two-instanton 
solution. Given an infinite plane (disk) T)^ with border being the circle S\^> of infinite 
radius we can choose, without loss of generality, the axis x 1 and x 2 to lie on that plane. 
We then split the vector a M in its perpendicular and parallel parts w.r.t. to the plane, 
i.e. = + ajf, and take the axis x 1 to lie along ajj*, and the axis x 3 to lie along 
dj_. In addition we take polar coordinates on the plane x 1 x 2 , such that x 1 = pcosa, 
and x 2 = p sin a, with the polar angle a being the same as the parameter in (2.10) 
parametrizing S^^. Then the integrand of the path ordered integral in (2.10) along the 
infinite circle S^*' for the connection (7.33) becomes (p — > oo) 



dx* 4 
da e 



T 3 + 



i|| | | a± 



[cos (2a) Ti + sin (2a) T 2 ] 



(7.35) 



We now perform a gauge transformation -» (g 2 g x ) (g 2 #i) + \ <9 /t (g 2 g%) (g 2 gi) , 
with gi = e l 2crT:i and g 2 = e l 2 ipT ' 2 . The angle (p is defined as follows: since a 2 =| a» \ 2 + | 
a± | 2 , we parametrize it as | oy | = | a | cosp, and | a± \ = \ a \ smtp, with < (p < |. So, 
since the vector a M was chosen to lie on the plane x 1 x 3 , p is the angle between and 
the plane x 1 x 2 measured along the plane x 1 x 3 . Under such a gauge transformation one 
gets that 



dx^ , dx^ 
A »lla^ A »lla 



and so 



(7.36) 



Pie 



Js ^o -»■ 5-i ((7 = 2 7T 



-1 _-l 



JS °° #2 #1 (<T = 0) 



(7.37) 



Therefore, the operator (2.10) becomes 



V(V 00 ) = P 1 e 



-ie$ sl d*A^ 



-i4nT 3 -i 2<pT 2 „-i 4ttT 3 J 2<pT 2 



(7.38) 
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We can try to interpret that result in terms of the (euclidean) magnetic flux $ through 
the infinite disk D^. Since we are dealing with a non-abelian gauge theory one should 
not expect a linear superposition of the fluxes of each instanton. We have seen in (7.31) 
that the exponentiated flux of a single instanton is e~ tAnT3 . In addition, since (p is the 
angle between the line passing through the centers of the instantons and the disc the 
result (7.38) could give a hint on how the fluxes compose. That is certainly a point which 
deserves further study. Again, as in any finite dimensional representation of 377(2) we 
have that e~ l 4 lxT ' i = 1, and so V (T>oo) — 1> which is compatible with the fact that is 
flat at the leading order we have performed the calculation. Using the flux interpretation 
of the charges we can write V (V^) = e~ ie ® 2 ~ inst - ( -' Doo \ and so the two-instanton flux 
$2-msi. O^oo) is quantized as in (7.32). 



7.3 Merons 

Merons are singular euclidean solutions not self-dual with one-half unit of topological 
charge [15]. We shall work here with such solutions in the Coulomb gauge since it is more 
suitable for the evaluation of the charges and it also connects with monopole solutions. 
The solution for a one-meron located at the origin is given by [15, 16] 

A = --e ijk ^ (l - r X4 I T k A 4 = (7.39) 

e r \ yxj + r 2 / 

with r 2 = x\ + x\ + £3, i, j, k = 1,2, 3, and T k are the generators of the SU(2) Lie algebra. 
Note that for X4 = the connection (7.39) coincides with that for the Wu-Yang monopole 
given in (7.1). In addition, it interpoles between two vacuum configurations, i.e. for 
£4 — > 00 the connection (7.39) vanishes, and for £4 — > —00 it becomes of a pure gauge 
form Ai = - dig g~ x , with g = exp {iirr • T). 

In order to evaluate the charges (2.7) we need the field tensor at infinity, which is 
given by 

1 f k 1 fj 

Fij -> - e ijk ^r-T F Ai -»■ - e ijk -± T k r 00 (7.40) 

Note that when taking the limit r — > 00 we have kept X4 finite. The double limit r — > 00 
and X4 — > ±00, is not well defined. The asymptotic form of the space components of the 
dual tensor is (£1234 = 1) 

Fj [u Tj - rj Ti\ r^oo (7.41 ) 
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If we evaluate the operator (2.7) on a spatial two-sphere of infinite radius and centered 
at the origin, it turns out that f is perpendicular to and the derivatives ^ and ^p-, 
with er parametrizing the loops scanning the sphere and r labeling them, are parallel to 
S^. Therefore, we have that Fy ^f- = 0. Consequently, the calculation of the operator 
(2.7) for the one-meron solution is identical to that for the monopole (see calculation 
leading to (7.6)). So, we have that 

where we have introduced a (euclidean) magnetic field in a way similar to that in (7.6), 
i.e. Bf = —\sijk W^ 1 Fjk W = — - ^ Tr, with Tr being the value of f • T at the reference 
point xr used in the scanning of the sphere . Using the same arguments as in the case of 
the monopole we conclude that the magnetic charges Gr are quantized as in (7.8). 

We then conclude that the one-meron solution has a magnetic charge Gr conserved 
in the euclidean time x±, and it is quantized in units of — . What it is not clear is what 
happens to that charge in the limit Xa — > ±00, since as we have seen, the connection (7.39) 
becomes flat in that limit, and so the charge should disappear. One of the difficulties in 
answering that is the fact that the double limit r — > 00 and £4 — > ±00, of the connection 
(7.39) is not well defined. 

The evaluation of the charges (6.25) for the one-meron solution is also identical to 
that of the monopole, leading to (7.23). Indeed, if we consider the circle of infinite 
radius to lie on spatial planes, then only the components Ai, i = 1,2, 3, of the connection 
matters. But in the limit r — > 00 the connection (7.39) becomes identical to that for the 
monopole (7.1). Therefore, following the arguments leading to (7.23) one gets that 

V> N2) = Pi daA ^ = e- l2wT3 (7-43) 

The eigenvalues of that operator are conserved in the euclidean time 24, and their inter- 
pretation, given below (7.23), in terms of the magnetic flux through the surface which 
border is remains valid. Again, we do not know what happens to those charges 

in the limit £4 — > ±00, for the same reasons given above in the case of the one-meron 
magnetic charge. 

The two-meron solution in the Coulomb gauge corresponding to one meron siting at 
the position x M = = (0, 0, 0, a) and the other at = 6 M = (0, 0, 0, b) is given by [15, 16] 

1 ?i l f 2 + (xa — a) (xa — b) \ m , J 
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Expanding it in powers of - one gets that 

Ai = - d i9 g- 1 + - ^£ e ijk % T k + (-\ (7.45) 
e e 2 r A \r b / 

with g = exp(z7rf-T), and so the leading term is of pure gauge form, i.e. it is flat. 
Therefore, we have that 



Fij ~ O (i) F 0l ~ O (i) (7.46) 

Consequently, the integrand in (2.7), namely (ai 7 ^- + pFij) ^r^r, behaves as O (j^) in 
the limit r — > oo. Therefore, the charges associated to (2.7) vanish, i.e. Qs = 1. 

Note that in the limit r — > oo the spatial component of the connection (7.44) for 
the two-meron solution is twice that of the one-meron solution (7.39). Therefore, the 
evaluation of the charges associated to the operator (6.25) is very similar to that leading 
to (7.43) and gives 

ty) (*>£) = Pi = e~ UnTa = 1 (7-47) 

where the last equality follows from the fact that the leading term of Ai is flat. The inter- 
pretation for such conserved charges, given below (6.25), holds true, i.e. they correspond 
to the magnetic flux through the surface which border is S^^, and such fluxes are also 
quantized. 

The meron-antimeron solution in the Coulomb gauge, corresponding to a meron and 
an anti-meron located at x^ L = — a M and = a M respectively, with = (0,0,0, a), is 
given by [15, 16] 

Ai = --% fc - I 1 - , — ~ ° 2 ) T k A 4 = (7.48) 

e r \ y (x + a) (x — a) / 

Again expanding in powers of - one gets 

Ai = - 2 ^Si j fi 3 T k + 0^) (7.49) 

Then, similarly to the two-meron case one has that ~ O (^j and Foi ~ O (Js\ and 
so the charges coming from (2.7) are trivial, i.e. Qs = 1. In addition, since the connection 

i / N ~ ie § 1 (t) da Ai^- 

falls faster than - the integrand in the operator (6.25) vanishes, i.e. Pi e s ^ = 
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1. The corresponding charges are also trivial in this case. 
7.4 Summary of the charges 

As we have seen in the examples above the surface and path ordering are not necessary in 
the evaluation of the operators (2.7) and (2.10) (or equivalently (6.25)) which eigenvalues 
are the charges. Therefore, those operators can be written as an ordinary exponential 
of Lie algebra elements. The only exception is the charge for the two-instanton solution 
associated to the operator (2.10) which involve a non-linear superposition of fluxes (see 
eq. (7.38)). Therefore, we shall write the operator (2.7), defined on a volume inside a 
two-sphere of infinite radius, as 

where Gr and Kr are the magnetic and electric charges defined as 

G R = I tffi- B R K R = [ dt-E R (7.51) 

with Bf = -\EijkW~ l F jk W and Ef = W~ l F 0i W, being respectively the abelian 
magnetic and electric fields. 

Similarly we shall write the operators (2.10) and (6.25) on a surface with the 
border being a circle of infinite radius, as 

P ie - ie ^ daA ^ =e~ ie ^ (7.52) 

where $ ("Poo) is interpreted as the magnetic flux through the surface T)^. 

Note that the magnetic charge Gr is quantized due to the integrable Bianchi identity 
(6.13). The electric charge Kr and the magnetic flux $ (Poo) are quantized only if we 
evaluate the operators (2.7), (2.10) and (6.25) on a finite dimensional representation of 
the 577(2) gauge group, where the eigenvalues of the generator T 3 (or any other element 
conjugated to it) are integers or half-integers, which we shall denote by |, with n integer. 

With those definitions we summarize the spectrum of charges of the solutions discussed 
above in the Table 1. 
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Table 1: Eigenvalues of i^^ and $ (Poo), for SU(2) solutions 

A Regularization of Wilson lines 



In order to calculate the r.h.s. of the relations (7.9) and (7.18), which give the conserved 
charges, as volume ordered integrals, for the Wu-Yang monopole and dyon solutions re- 
spectively, we have to evaluate the Wilson line operator W, defined by (2.3), for the 
connection 



1 x J 

e r z 



(A.l) 



which has a singularity at the origin of the coordinate system. In the case of the dyon 
the time component of the connection is non-zero and also present a singularity at the 
origin. However, it does not play a role in the charge calculation since all the Wilson line 
operators are defined on space curves with no time component. We show in this appendix 
how the Wilson line operator can be regularized, when it is integrated along a purely 
spatial (no time) curve T passing through the origin. In order to do that we shall split T 
into three parts, r = I\ U T e U T 2 , as shown in part I of the Figure 3. 





II 



Figure 3: The regularization of the Wilson line operator is done by replacing the path 
that passes through to the origin by a path going around it. 
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Therefore, the solution of (2.3) can be written as 

W = W(T 2 )W(T e )w(T 1 ) (A.2) 

The quantities W (Ti) and W (T 2 ) do not involve the singularity and so we should not 
worry about them. We have to evaluate W (f e J which pass through the origin. We shall 
take T e infinitesimally small in such a way that we can approximate it by an infinites- 
imal straight line of length 2e containing the origin in its middle point. Note that the 
quantity 4^, appearing in (2.3), is invariant under rotations, and so we can rotate the 
coordinate system in such a way that the x 3 -axis lies parallel to T £ and in the direction 
of growing a, i.e. in the sense of integration of (2.3), as shown in part II of the Fig- 
ure 3. Along such infinitesimal straight line T £ , parametrized as x 3 = a, we have that 
= ~ \ ^2 [x 1 T 2 — x 2 Xi]. However, on T £ one has x 1 = x 2 = 0, and so for r ^0 such 
expression vanishes. On the other hand, for r = it diverges, and so, we have a quite ill 
defined quantity. 

In order to regularize the Wilson line we shall replace T £ by a semi-circle T £ of radius 
e, with diameter being the previous straight line, and lying on the plane x 1 x 3 as shown 
in part II of Figure 3. We evaluate W (T £ ) on such semi-circle and then take the limit 
e — > 0. The points in T £ can be parameterized as 

x 1 = e sin a x 2 = x 3 = — ecosa < o < it (A. 3) 

Therefore for all such points we have r = e, and so from (A.l) one has 

= £ Mi cos a + A 3 sina) = -~T 2 (A.4) 
da e 

We note that it does not depend upon £ and a, and lies in the direction of just one 
generator of SU(2). Therefore, the problem is abelian and the path ordering is not 
necessary. Then from (2.3) we have 

W{T £ )=e iwT2 (A.5) 

which we take as the regularized expression for W (T £ ^J . Of course, we would obtain 
different results for different choices of curves going around the origin, specially non- 
planar curves. However, as we shown below, the evaluation of the r.h.s. of the relations 
(7.9) and (7.18) is independent of such choices, and the regularization of those quantities 
is quite unique. 
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Note that for the Wu-Yang monopole and dyon solutions one has that 

Fij = ^ e ijk ^r-T; F^ = e ijk ^ r • T (A. 6) 

with 7 = in the pure monopole case. In the evaluation of (7.10) and (7.19) we have 
to deal with the conjugated quantities Fj- and Fff , and so essentially we have to worry 
about the quantity W~ l f ■ T W. Our prescription is to scan the volume (the whole space) 
with closed surfaces based at xr, and each of those surfaces are scanned with loops starting 
and ending at Xr. The origin lies on a given surface labeled by Co> and to just one loop, 
labeled by r , on that surface, and corresponding to the point labeled by cr on that loop. 
For the surfaces corresponding to C < Co there are no problems in the integration since 
everything is regular. On each loop on those surfaces one can use the relations (7.3) and 
(7.4) to conclude that, along such loops, W" 1 f ■ T W is constant and equal to T R , i.e. the 
value of f • T at the reference point xr where all loops are based. 

Therefore, the commutators in (7.10) and (7.19) vanish for Q < Co; since the conjugated 
tensors and F^ all lie in the direction of Tr on any point of any loop scanning the 
surfaces for C < Co- On the surface for C = Co everything is fine until we reach the loop 
corresponding to r = To. In other words, the commutators in (7.10) and (7.19) also 
vanish for C = Co an d r < r . Let us consider the loop corresponding to r = r . For 
o < <j we still have the vanishing of those commutators since the singularity has not 
been touched yet. After crossing the singularity we have that the Wilson line W becomes 
W 2 W (r e ) Wi (see (A. 2)), where W\ is the result of the integration of (2.3) along Ti, i.e. 
the curve from the reference point xr up to the point marked — e on Figure 3, along the 
loop corresponding to r = r , which passes through the origin. Similarly W 2 is obtained 
by integrating (2.3) along i.e. the curve from the point marked e on Figure 3, up to 
some generic point beyond the origin along that same loop. In addition, W (T £ ) is the 
regularized expression, given in (A. 5), for the integration of (2.3) along r e . 

Along the curve T 2 the connection (A.l) is regular, and so we can use (7.3) and (7.4) 
to conclude that 

W^r -TW 2 = (r-T) r o (A.7) 

where (f • T) r o is the value of f • T at the initial point of the curve T 2 , which is the point 
marked e on Figure 3. But since we have rotated the coordinate system such that the 
x 3 -axis lies along r e , we have that (f • T) r o = T3. Now using (A. 5), we have that 

W~ l (r e ) W^ 1 f-TW 2 W (r e ) = e~ tnT2 T 3 e iwT * = -T 3 = (r • T) rfld (A.8) 

since — T3 is the value of f ■ T at the final point of the curve Ti, which is the point marked 
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— e on Figure 3. Along the curve 1^ the connection (A.l) is regular, and so we can use 
(7.3) and (7.4) to get 

Wf 1 w- 1 (r e ) W2 1 f-rw 2 w (r e ) w x = w^ x (f • r) r?nd wi = r fl (A.9) 

where Tr is the value of (f ■ T) at the reference point xr which is the initial point of Ti. 
Therefore, the field tensor and its dual, given in (A. 6), lie in the direction of Tr when 
conjugated with W2 W (T £ ) W%, and so the commutators in (7.10) and (7.19) vanish when 
evaluated on the loop corresponding to r = r , i.e. the one passing through the singularity 
of (A.l). Of course, the quantities (7.10) and (7.19) will vanish on all loops scanning the 
surfaces for ( > ( Q , since the potential (A.l) is not singular there, and the relations (7.3) 
and (7.4) can be used to show that W~ x r - TW = Tr, for W obtained by the integration 
of (2.3) on such loops. 

Consequently all the commutators in (7.10) and (7.19) vanish on any loop on the 
scanning of any surface on the scanning of the volume. Since the Wu-Yang solutions have 
no sources we have J123 = Jo = 0, and so j7mono P oie and J7d y0 n also vanishes. Therefore we 
conclude that the r.h.s. of (7.9) and (7.18) are equal to unity, i.e. 

P 3e Is P ,c C d ^ dTVJ ^°^ v ' 1 = J . p ze L P ^ dTVJ ^ v ^ = n (A. 10) 



We now come to the issue of the uniqueness of the regularization procedure. We have 
chosen to replace the segment T £ by the semi-cicle T £ . Let us now analyze what happens 
to the quantity W' 1 (F E ) (r-T) Tfid W (T e ) = W' 1 (T e ) (-T 3 ) W (F e ), when we make 
arbitrary infinitesimal variations on the semi-circle T e keeping its end points fixed, i.e. 
the points marked e and — e on Figure 3. We have 



W- l {T £ ) (-T 3 ) W(T £ 



y- 1 ^) (-T 3 ) W(T £ ), W- 1 ^) 5W(T £ 
> 3 , W- 1 ^) 5W(T £ " 



(A.ll) 



where in the last equality we have used (A. 5) and (A. 8). The variation of the Wilson line 
can be easily evaluated using for instances the techniques of section 2 of [1]. When the 
end points of the curve T £ are kept fixed one gets 



W- l {T £ )5W{T e 



daW~ l F lJ W—5x j 
da 



(A.12) 



where is the curvature, given in (A. 6), of the connection (A.l), and where W in the 
integrand in (A.12), is obtained by integrating (2.3) along T £ , from its initial point at 
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a = to the point a = a where the tensor Fij is evaluated. As long as the transformed 
curve does not pass through the singularity of the connection (A.l), the relations (7.3) 
and (7.4) can be used to show that W^ 1 r ■ TW = — T 3 , where — T 3 is the value of f ■ T 
at the initial point of T £ . Therefore, the integrand in (A. 12) always lies in the direction 
of T 3 , and so 

c^W- 1 ^) (-T 3 ) W(T £ )\ =0 (A.13) 

Consequently any curve T, with the same end points as T £ , and that can be continuously 
deformed into T E , satisfies W~ x (r e ) (-T 3 ) W (T £ ) = W~ l (T ) (-T 3 ) W (T) = T 3 . That 
shows that our prescription for the regularization of the Wilson line is independent of the 
choice of the curve replacing the segment T £ . 

Note that the special role being played by T3 is an artifact of our choice of the orien- 
tation of the coordinate axis w.r.t. the curve. Note in addition that our results do not 
imply that the Wilson line does not change. It is just the conjugation of T 3 by the Wilson 
line that remains invariant. In the cases where the variation of the curve lies on the same 
plane as T £ , then the Wilson line itself is invariant. The reason is that the r.h.s. of (A. 12) 
measures the magnetic flux through the infinitesimal surface spanned by the variation, 
and since the magnetic field is radial it is parallel to such surface, and so SW(T £ ) = in 
such cases. 
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